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A Stabilized Spectral Element Method for
Reaction-Convection-Diffusion Equation

HE Wengiang, QIN Guoliang, Al Zijian, LIN Jingxiang

(Institute of Fluid Machinery, Xi’an Jiaotong University, Xi’an 710049, China)

Abstract: A stabilized numerical method with high accuracy is proposed to solve the stability
problems, which are generated by spectral element method for two-dimensional transient
reaction-convection-diffusion equation. The method combines Chebyshev spectral element method
with consistent approximate upwind method in space and adopts fractional-step ¢-pattern in time.
The numerical example is solved and compared with analytical solution to verify the accuracy and
numerical stability. Reaction-convection-diffusion problems with different kinds of boundary
layers are also solved. This approach reveals that the stability domain of the spectral element
method for reaction-convection-diffusion equation is enlarged with the addition of the consistent
approximate upwind term, and the high accuracy of the numerical solution is maintained when
convection and reaction term are dominated. For the complicated reaction-convection-diffusion
problems with boundary layers, the numerical solution is able to obtain uniform convergence in
the whole computational domain.

Keywords: reaction-convection-diffusion equation; spectral element method; stability;

boundary layer

B2 4 7 R A B Bk AR SUSERAT A TIZ T . T T R RO LR A
SRRy B AR IR LT KA VRREZ AT KRR DN A 00 RS B RUE T i X T BN X iR

Wk H# . 2016-08-05,  FEHMA: ASCH#R1982—), B . A ZERBRGEGES . B . &% . MEtAaFm., ZEE&EWH.
] 5K T AR AR 5 R 1R BE B B (2012CB026004)
R 2% H Rt TE] . 2016-12-07 2% Bl . http: / www. enki. net/kems/detail/61. 1069. T. 20161207. 1602. 004. html



28 (RS TSN S 4§51 %
PR RAE T o EENEL. SR TH $(0.x) = ¢ (x).in 0 3

Xt P K S L o G i ) A% S AT BROG I BE AT
SRAE 227 R BN BB - W DR RS A F R
W NITHEAR G4 BROT L B 5 Rl AR 4R S 1R
2530 XA BR o0 i (SUPGH™ ™ | dRe /N Z 3 4 BR T 12
(GLS)" AR bRk A FRIT Ty 5 . 388 07 IR 78 T £k
J7 IO T SN T AR BR BB T RX
RN BB R 57 - AR T ISR BUE S5 R . X T
R RN R WA T A A I E S g e NS
Sl PN T H AT TR B B T b A Y S T YR A
SR e i S [A) R I 0 5 = B 3 AT SR A7 A BE IR 5
— B 3T KA B T vk (CAUD Y 7 3 46 266k 1y 2k
fi b S SKAigp A A E 5 1) 9 N TR AT
i 0 5 JZ AT B BB IR v 7 B T A el . (2
TETHE B IT N A BRIT I SR T AR 2 1000 5K i A
TR PEAT AT 25 AT (L B RO n e B A AR
K i 38 B s

WETC T IR AE A T D5 TR 0 R B R PR OT T
1 SR PR L AR THE B0 A SR TG 95 B e T B9 OE
2 22 TR ACAT D 366 (L PR R, 24 BT AR EL I 2508 o et 2
(B LA 209 A9 2 RO W8, il T3 oo O vk TR R
K HIFRHERY Galerkin 78 73 JE 5, AR SR At X it 200 K
S ISE 3T i 1G9 S LR 3 4 B TS A N 2 Y B
AFRE TEE R T RUE R RORTEE . L 4R T
7 ¥ A R RE A o R A SR X 3 O B S O o
LA S X 5 1T e I BE 68 O 15 0010 ik 400G 2
HUHRA 73 B A S R B SORIR AR

AICAE T Chebyshev 1 78 1 B 5¢ 1 4 4if
bR CAU IEARSS & 8 AR 1L i oo 7
V5 IEREIZ T 35 T TR G e BRI G B 4
FE R 2 B X it 4 iy e 0 SR A D I S K A
PRI 132 7 12 70 4 o R P L DR A MO fRDHS 32 25 07
TET PR AT 2801 o PR 38 HL X A T) 2 28 s B )2 ) 3 28R
S B TCAR AR B RO 3 S A5 R B

IO A VS TV O
TH RS R NN R Y O R
%?+7¢+M'V¢—1A¢:f,m«LT]xg (D

A cu AR sy IR B e Y HUREL f

%%Iﬁ;ﬂ j‘ji‘f‘%[z.jl’jﬂaﬂzpn UPNvFDﬂFN:
o AHIL B 1A A R b S A

Qé:::gﬂ,on,FN; (2

= 0,.0 .
é gpsonI'p; an

http: / www. jdxb. cn  http: //zkxb. xjtu. edu. cn

A n i FAME L AR
2 IR R
R 532 0- % FKF I ] 390 AT B I ph XD aT
5 oIk 20 B 7 AR B O U
vt A +

rUET A= — eV +
(A—=0¢) =0f"" +U—0f €]
() AT 7R AR 25 B U A T R =X
L(¢n+1> — Rn+1 ¢71+1 +Cu+1 .

v¢u+l . Du+1 v2¢7l+1 — Fn+1 (5)

Dn+l — QA[S 7C”7] — eAmn+1 ,Rn*l — 1+6A[/y”7]
(6)

Frl=0—Aa—=0y")¢" — Al —Du" »

V" + A1 —0eV? ¢ + ArOf™ + (1 —0) M
(7

3 REMIE T
AR IR Q R 50 9 N, AT RS 4 1 9T

0..0= U, [10.~ & (5 CAU %4500
K¢ e Hy () flifs
Ac (@™ o) + A (¢ o) + Ac (¢ o) =
Fs(p.VYqye Hi(Q (8
Ao (gt = D (T V) +
(C e g A+ (R (9

N

e

As(p o = DTG e - Uy |,

e=1

(10)
N,

AC(¢11+1 77]) - E(‘B(¢H+l)7f7("+lcn+l . VY]) ‘_qe
e=1

(1)
N

Fs(p = Fo(p + Zlm“ O ) [

(12
F(,;(7]) = (FVhLl 97]) + (g”\ﬂ sﬂ)p»\, (13
N IO, -

G ) : 14
( H v¢n+l H +k1)zv¢ ( )
““Nmm{ [ 1 3 }

: P TR GO D
(15)

mt1

! = z'fé”max{ ” g"" H —a”ﬂvo} (16)




%3 SRR, B — R i SN 6 HO AR 1 R Ak oC ik 29
(g s, :J gfi«“wyds an Sk
v (B + M +Q + B, +M; + 0 +0)¢"" =
nt1
&t = max(1. W:()L) (18) (B +MOF" ' + (8 +8SDgl™  (28)
B = (R 2
Aohe e ey SUPG B CAU 1 6y il K, . HU;l D e
B D M TSRS G R i 22 I_M — (e NN 31
BB 7 60 0 B p* Ay B TCAR L L M N TN ()
TEAFEA FE e 3 3R 1. 0, e e e
f CAU IR0 5 AT, 440 9 A T80 S 3k bngMwVN . o
SR P 3 3 5 B P 2 R R B O D (TN (e TN (559
T BRI AR T 2R 3 (8) AT R M. FIAS & K o DR
S Q5 = (K NG, VNG (36)
AR AL 5 0 CAU T gE 47 a7 A £ Al b 23
E° = (N°,N°) (37)
c(¢’£+';¢2ﬂ,7;)‘n :(TE,T+]KZ+IV¢ZTi’V77)‘Q a9 S = D" (NN (38)
3 e - b FA\'
1'7(",7] - ‘[E‘Jr] (G”Jr] (¢Z+] )) (20) S(I — D11A1,4»T§+1.()(Ne’Cn+l.e . VNB)['_ (39)
Ky = AOFTCD) (21y  FHL.BB MM M Q. Q505 E° S8 i

TV [+ k)
WILRPE AL AR 7 B B0 B g R gl €
H, (.15

N,

2(<¢*“,¢;¢%,7> lo, = FsGp. V€ Hi(Q)
(22)

HoAF gt =i | <<Xo X b &€ ik AR B, 2 AR
PIURME g0 O SUPG Jrik ryit g f

B BT Q. 38 i WS e 45 3 T AR vE AT TEAR
MESLIT A E UL Chebyshev 22 3 0 (i A5 8 47 {6 A5
ISR fige A2 EE’J$TE£1&££§7@

gl (G = 295 TN (g = ¢rTINT (23)
Ni (&) = hi(Oh; (p
0<<j<<N:, 0<Ek<N,, i—=~k(N.+1D+;

(24)
.\r”r
o2 1 ]
he(e) = = T, ()T, (& (25
N& = cjc,,
hp = 25 _1 TGO T, (p  (26)

N{ =
2 NY ﬁiﬁlﬁﬁ{ﬁu%&z, T, .T, & Chebyshev
Z I s N B0 N BT 080G NS VNS BT
ey IR B 7 ITA (8 i () 0,
FERLICIN RS (6,0 =0, Jhi () =084 s, T
o JZ, m = 0,N;

L m 7& 0,N¢

TEBAIE 0, PXT N (8) AT B Bl . W) H: B4 S0 4 [

http: / www. jdxb. cn

27)

http: // zkxb. xjtu. edu. cn

JUHL B HE T R O & T Chebyshev £ 30 2 ) F1
53« FIHT Chebyshev 22 350 2 0y P 5t vl R 80K . 4%
3 (28) i 1Y) B 5T B 4 BRAT BR T b B BB g i
M HEAT i, B AT A5 2] 01 A 20 3% A oK A X e ) 2
O
(B+M+Q+B, +M, +Q, +Q,)¢"" =
(E+M)OF" +(S+S)Hgi! (40)
H A0y o2 O TR R AR ARk T R LR
FH B3R i a7 B2 ok Ak 25 AR 07 35 B R SR A5 X (D 78
Vs 20 0 i

4 BUER B

BAEF R X Q=[0, 11X [0, 11, i &
B H % F Crank-Nicolson #& = (9=0. 5) , B [8] 25 K
At=0.001 s,
4.1 FRITBESL

a5 7 (D I — ik b7 it

$(x,y,t) = exp(sin(nr))sin(rwar)sin(ny) (41)

AH R 8 A S 30T 00 Uy 2% A K i Bt skl i X (41D B
Bk, u=[1,11",y=0,e=10"" i H Wi H
6 X6, BATEN K 6 B Chebyshev ZI R, 1=0.1,
0.3,0.5 s,y=0.5 BN i# (Ana) F1EE f# (Num)
WE 1 s, IWE 1 AT LUE . f e i oo Jr k1t
SR T A 1) ST A R e AT A o8 A — 3R U TR O TR
TER I 7 DG I A A R0k

4 Tl R R 3 A8 = 0. 05 s I AN ] 3530 190 At K
AR L, PR 2ZZFE SR OTIR(E B 8 p" i1k an &l 2 B
8o NI 2 AT LUE Y BUE AR R L, 1522 B BT
7Y K50 178 16 o S D A BT AR E A3 T T R TE IR




H.
"
4

1 51 %

30 [ER S
3.0r
2.5F
2.0F
1.5
s %\e\ &7
Lo n" 0.5Ana & \
r V& o 0.5Num Q% W\
- - - -0.3Ana %
0.5 v 0.3Num o
——————— 0.1Ana \
% ) ©  0.1Num )
0.0 0.2 0.4 0.6 0.8 1.0
X

[ 2

SO FE L
4.2 4A5°RLIEE G

BE u=[1,0]",7=0.e=10 ', 4, =0, =1,
RGN — 2GR . TE AR I B 1Y
B g — R 30 X 30 [T AR FILBA T I 3 By
Chebyshev Z 30U . %5561 0 1155 X308 A
1 [a) B I [B) 22 28 % R 0 45°RH e O 2=
1 AMFAE— 8BGO B2 y=0.y=1 bAFHE 2 4
WA R R, 45 A B FI fE ¢ =0.25,0.5,0.75,
1 siFmEE IR 3 firn. B 3 i LA H . Faefb

t=0.5s
' t=0.25s
5 s e
' =
5]

I T 4 (L B B L iR 22

0.6
ﬁ0.4
0.2

3

t=0.25,0.5,0. 75,1 s B 1) 45° 5} 3k 2 5]

http: / www. jdxb. cn

http: // zkxb. xjtu. edu. cn

T T T ¥R 6 B i 2 AT T HEA
R AT EUE IR
4.3 HBHANBLREESG

B u=[1,—11",7=0,e=10 ', ,=0, f=
S uR LS L)
Ig(1,y) _ 9¢(x,0) _

p(x,1) =1, Fp 2y 0
0, 0<y<20. 6
y—0. 6., 0. 6<<y<<0. 65
$(0,y)=<18(y—0.65+0.05), 0.65<y<<0.7
y+0. 25, 0. 7<y<0. 75
1, 0. 75<y<1
42)

T 2 0 5 — 2 i AR AR 3R B 2 B G )
V) 4 22 T« 37 3 2 0 T 380 IX sk N T A0 A A P 358
AR HAE t=0.3,0.6,0.9,1.2 s B0 BT @ & 4
FroR . AW 4 tha] DU Y B2 A6 T ¥ Tl A X
Wi FZ AT T HER IR

¢
Lo s ome

B4 t=0.3,0.6,0.9,1.2 s [l P 5 2 54 4]

y=0. 5 B KA S 30 X 30 B A IC 4 {H Bir %
Xt 1052 8 T ROR B RN S Fras . WS AT LA

1.1

0.9

P 5 BT B B BOxT i AR 18 I A 5




53

FISCHR o 5 - — Rl SR A S XL B 107 i A R E A 1 T T ik 31

BN R M BT HEAT IR, 3 R B AT AR
AEAE — & B R 35 5 >4 B0 A (8 B RO st 9 34
S B 3 1 B A v TR I R L OE T ORI
T3,
4.4 FREEEG

WE u=[0.0]".7=1.e=0.4,=0. f=1. 4R
MR — R FFWAFEM . ARB R TSN IS
O B B2 I X A7 B AR SR i B TR I S B —
W A VE R 2813 X i B Ak 2208
WANH B R R, A t=0.25,0.5,0.75,1 s if g &
B 6 s, M 6 7] LLE . R i oo ik
Xof PR T SR AR 5 4 53 i RS i )3 R SR
HEAT T HERR B,

B 6 t=0.25,0.5,0.75,1 s [} {75 T & 54 4]

5 4% ®©

A SCH: Chebyshev 355075 % 1 CAU J7 i5 AH 4%
BT RS S TT I ik L R R R 1 X i
Lo B ISE 3T G A A AR AR A B R X T BT A L 4
o HARGE IS 1 3% 75 125 (0 B (EDRS B2 R g A e 1
e T B ITAREL B RO TE B R 2 1 B R E AR
(R o o] DLAS AR 2598

CORRE 3G TC 77 35 SR il X 3 200 K S o 0 o5
(9 B2 IS X 47 1O e I A A A B T AR R
ARAT TS R KB4

(2) R 58 3% T8 J7 ¥ 8 IO 6 77 1 ) At iy
I 2% b A [R] 26 28 10 3 B T2 AT T W 0 3 A
WSS AR T R B i BUE IR s

(3) B 5 A (EL B K A9 36 I A8 A o ik
(0 T 5 158 2 TG GA U /)N o [ BT 0 2 Y e A R TR
R R R WIZTT IR R T AR A B3I B4 50 4 1 B 5
BIVAT BRAFAR A 0 B A5 2R 0D 1

http: / www. jdxb. cn

http: // zkxb. xjtu. edu. cn

(O BEITURT 5 T A% 1] g o 5 5 JOMEL 7 ik A6 S 2%
BSE X S 1) RELE 5 v i ik — 2P R R S %

S E 3k

[1] ZIENKIEWICZ O C, HEINRICH J C. The finite ele-
ment method and convection problems in fluid mechan-
ics [M]. New York, USA: John Wiley & Sons Inc. ,
1978, 1-22.

[2] LIMA R C, MESQUITA AL A, BLANCOC]J C, et
al. On the application of SUPG/h-method in 2D advec-
tion-diffusion-reaction simulation [J]. ] Braz Soc Mech
Sci Eng, 2014, 36: 591-603

[3] BOCHEV P, GUNZBURGER M, SHADID J. Stabil-
ity of the SUPG finite element method for transient ad-
vection-diffusion problems [J]. Comput Methods Appl
Mech Engrg, 2004, 193: 2301-2323.

[4] LIN R C. A discontinuous Galerkin least-squares finite
element method for solving coupled singularly per-
turbed reaction-diffusion equations [ J]. ] Comput
Appl Math, 2016, 307: 134-142.

[5] DOCARMO E G D, ALVAREZ G B. A new stabilized
finite element formulation for scalar convection-
diffusion problems: the streamline and approximate
upwind/Petrov-Galerkin method []J]. Comput Meth-
ods Appl Mech Engrg, 2003, 192 3379-3396.

[6] GALEAO A C, ALMEIDA R C, MALTA S M C, et
al. Finite element analysis of convection dominated re-
action-diffusion problems [J]. Appl Numer Math,
2004, 48. 205-222.

[7] PETERA A T. A spectral element method for fluid
dynamics: laminar flow in a channel expansion [J]. ]
Comput Phys, 1984, 54(3). 468-488.

[8] ZRE K. fR/b. %707 KM 4648 i JE 4 Navier-
Stokes J5 i [J]. Ny 242740, 2000, 17(4) . 20-26.
QIN Guoliang, XU Zhong. A spectral element method
for incompressible Navier-Stokes equations [ J]Chin J
Appl Mech, 2000, 17(4) ; 20-26.

[9] LUBE G, RAPIN G. Residual-based stabilized higher-
order FEM for advection dominated problems [ ]].
Comput Methods Appl Mech Engrg, 2006, 195; 4124-
4138.

[10] JOHN V, KNOBLOCH P. On spurious oscillations at
layers diminishing (SOLD) methods for convection-

A review [ J]. Comput

Methods Appl Mech Engrg, 2007, 196. 2197-2215.

(i &)

diffusion equations; part I




